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Modeling of Aeroservoelastic Systems with Structural

and Aerodynamic Variations

Boris Moulin*
Technion—Israel Institute of Technology, 32000 Haifa, Israel

A procedure for modeling of aeroservoelastic systems with structural and aerodynamic variations and uncer-
tainties is presented. The structural variations are associated with deviations in stiffness, mass, and damping
structural parameters, whereas the aerodynamic variations are defined by the deviations in aerodynamic influence
coefficients. A model of the perturbed system is constructed in the form of a linear fractional transformation
relating the nominal system dynamics with the variations of its structural and aerodynamic properties. The de-
veloped technique enables modeling of perturbed aeroservoelastic systems in both frequency and time domains.
The models are compatible with standard robust analysis and control design procedures such as p technique used
in the numerical example. The structural and aerodynamic variations are expressed in discrete coordinates that
can also be transformed into modal coordinates. The discrete-coordinate representation enables size reduction of
the uncertainty matrices for local structural and aerodynamic variations with respect to the modal representation.
This is important for robust analysis and control design. A numerical application for an uncrewed aerial vehicle is
used to demonstrate the modeling process. Models of the open- and closed-loop aeroservoelastic systems augmented
with inertial and aerodynamic uncertainties of the control surface are constructed and applied for robust stability

analysis.
Nomenclature [R], [Ra] = aerodynamic lag matrices for the
[Ano12], [Dal, [E] = rational approximation matrices for nominal aerodynamic forces and
the nominal generalized the aerodynamic variation
aerodynamic forces s = Laplace transform variable
[A,0,012), [D,],[E,,] = rational approximation matrices for 14 = trueairspeed ‘
the aerodynamic variation Wi, W, = left and right weighting matrices
= state-space matrices W = scailing matrix

[Au] [Bol [Coyl, [Dy]

[AIC,,,,] = matrix of the aerodynamic variation We = gust velocity vector

b = reference semichord {x}, {u}, (¥} = state, input and output vectors

Fus Fe = upper and lower linear fractional {xa} = aerodynamic augmepted states
transformation (LFT) AA = absolute and normalized variations

[G] = spline matrix Ay, Ay = matrices of structural and

[Gv] = controller gain matrix _ aerodynamic variations o

[1] = identity matrix Ao = fixed part of the absolute variation

[Mp] = mass coupling matrix between {8} = control-surface commanded
control and structural modes deflections

(M1, [Binl, (K] = generalized mass, viscous &} = generalized displacements
damping, and stiffness matrices of {pen} = normal modes in the structural set
the nominal system {ben} = normalmodes inthe aerodynamic set

[My], [Buo], [Kuo] = mass, viscous damping, and stiffness (o}, {Doonbs {Prn} normal modes in the v-, the v,-,
matrices of the structural variation and the r,-sets

Ney NGy My = number of control surfaces, gust oy} = normal modes for the output
excitations, and normal modes degrees of freedom

Ny, Ry Ny, = size of the v, the r,, and the v, sets w = frequency

P = transfer matrix of the augmented Subscripts and Superscripts

aeroelastic system

[Onn], Ol [Oh6] = nominal aerodynamic matrices a = aerodynamic variation
associated with generalized ac = actuators
displacements, control surface ae = open-loop aeroelastics
commanded deflections, and gust ase = closed-loop aeroservoelastics
velocity vector c = control modes or controller
q = dynamic pressure G = gust excitation
h = structural modes
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1. Introduction

ODERN methods of robust aeroelastic and aeroservoelas-

tic (ASE) analysis and control design for aeroelastic sys-
tems require modeling of flight vehicles undergoing structural and
aerodynamic variations or uncertainties. Models of perturbed ASE
systems are formulated in the form of linear fractional transfor-
mation (LFT) in frequency or time domain. Lind and Brenner!
showed how uncertainties can be modeled and used for calculation
of robust stability margins. This modeling approach was extended
in Ref. 2 and used for a match-point robust flutter analysis in a
state space. Borglund** presented the frequency-domain aeroelastic
models considering aerodynamic uncertainty in matrix coefficients
of the Roger’s rational approximation and in the frequency-domain
pressure coefficients. The procedure for structural and robust con-
trol design of aeroservoelastic systems with structural variations
and/or uncertainties was presented in Ref. 5. It was applied to
a sample aircraft model with uncertainties in its tip-store inertial
properties.

An essential part of robust ASE analysis and control design is
modeling of uncertain open- and closed-loop aeroelastic systems.
The current study presents a technique for modeling of ASE systems
perturbed by structural and aerodynamic variations. This technique
extends and generalizes the methodology developed in Ref. 5 and
presents a unified procedure for modeling of ASE systems undergo-
ing structural and aerodynamic variations. Uncertainty models are
derived in discrete coordinates so that the variation matrices include
structural and aerodynamic parameters (stiffness, mass, damping,
and aerodynamic influence coefficients) for the discrete degrees of
freedom of the perturbed part of the aeroelastic system. This leads
to size reduction of the uncertainty matrices for local structural
and aerodynamic variations compared with their modal representa-
tion. This is important, for instance, for effectiveness of structural
singular value computation and for p-control design because the
dimension and, thus, complexity of a u controller depends on the
size of the uncertainty block. Constructed uncertainty models can
be also transformed into modal coordinates. The developed tech-
nique enables modeling of perturbed ASE systems in both frequency
and time domains. The modeling procedure allows consideration of
gust excitation. This modeling technique is then applied to a sam-
ple uncrewed aerial vehicle (UAV) with uncertainties in inertial and
aerodynamic properties of its control surface. The modeling pro-
cedure is followed by a robust stability analysis of the open-loop
acroelastic and closed-loop ASE systems. The numerical example
is instrumental in demonstrating the effectiveness of the proposed
modeling technique.

II. Second-Order Equations of Motion of Aeroelastic
System with Structural and Aerodynamic Variations

The open-loop aeroelastic equations of motion of the nominal
system excited by control-surface deflection commands and by gust
can be expressed in Laplace domain as

(IMyun1s® + [Bunls + [Kpil + q[Qun(9)]) {(5)}

= — (IMic1s® + [ Qne()]) {8:()}

— @/ V)1 Quc ($){wg (5)} ey

where V is the air velocity and [Q, ()], [Q1nc(s)], and [Q 6 (s)] are
the nominal aerodynamic matrices associated with generalized dis-
placements {£(s)}, control surface commanded deflections {5.(s)},
and gust velocity vector {wg (s)}.

Structural variation is considered as deviations in mass, stiffness,
and damping properties of the nominal structure that do not lead
to changes in the number of structural degrees of freedom of the
system. The structural variation is defined by its mass [M,,], stiff-
ness [K,,], and damping [B,,] matrices associated with the v set

of degrees of freedom involved in the variation. The v set includes
all of the degrees of freedom associated with the mass, stiffness,
and damping variations, so that the [M,,], [K,,], and [B,,] ma-
trices may contain zero rows and columns. For example, the zero
rows and columns of the matrix [M,,] correspond to the degrees
of freedom associated with stiffness and/or damping perturbations
exclusively.

Aerodynamic variation is defined as a deviation of the aerody-
namic influence coefficients (AIC) of the nominal aerodynamic
model. The AIC matrices can be calculated by unsteady aerody-
namic codes for prescribed reduced-frequency k =Im(sb/V') val-
ues, where b is the reference semichord. In this study, the aero-
dynamic variations are considered for the AIC matrices calculated
based on any panel method (e.g., Refs. 6 and 7). The variations to
be considered do not lead to changes in the number of aerodynamic
degrees of freedom of the baseline system. The n,, x n,, matrix
[AIC,,,, (s)] of the aerodynamic variation defines the perturbation
of the aerodynamic forces applied to the r, set of aerodynamic de-
grees of freedom caused by the unit deflections in the v, set of
degrees of freedom involved in the aerodynamic variation. The r,
set includes all of the aerodynamic degrees of freedom or its sub-
set (when the effect of the v, set deflections on the aerodynamic
forces in some degrees of freedom can be considered as negligible).
The aerodynamic variation [AIC, ,, (s)] is the frequency-dependent
complex rectangular matrix.

The fixed-basis modal approach adopted in the paper assumes
that the structural displacements of the modified or perturbed sys-
tem can be adequately expressed as a linear combination of the
baseline normal modes [¢,;] in the structural set. The displace-
ments and slopes of the aerodynamic boxes are obtained from the
structural displacements using the spline matrix [G], so that the
normal modes [¢;,] in the aerodynamic degrees of freedom are ex-
pressed as [¢r,] =[G 1[¢,n]. Hence, applying the fixed-basis modal
approach, the aerodynamic displacements of the modified system
are expressed as a linear combination of the baseline normal modes
[Pin]-

The equation of motion of the modified structure perturbed by
the variations of its mass, damping and stiffness parameters and by
the variation of the elements of the AIC matrix can be written as

(IMi 1™ + [Bidms + [Kpnln + 1 Q01 ()1 ) (£ ()}
= —(IMyc1ns® + qL Qe (5)1m ){8:()}
—(q/V)[ Q6 () Infwe (5)} )

where the modal matrices of the modified structure are expressed as

Myl = [Mun] + [don]” (Mo Bun]
[th]m = [Mh('] + [d)vh]T[Mvv][d)vc]
[th]m = [th] + [¢vl1]T[va][¢uh]

[Khh]m = [Khh] + [¢uh]T[KUv][¢vh]
[0 () = [ ()] + [Br1]' [AIC 11, ()] [Buu ]
[Qh('(s)]m = [Qll(‘(s)] + [¢rah]T [AICrava (S)] [¢var]

(0161 = [Q46 ()] + [#14] [AIC,,0, )] [ b6 ]

where [¢,; ] is the n, x n;, matrix of the normal modes for the v set,
[¢r,1] and [¢,,;] are the matrices of the normal modes for the r,
set and the v, set aerodynamic degrees of freedom, [¢,.] and [¢,,]
are the v and v,, partitions of the control modes in the structural and
aerodynamic sets, [¢,,¢] is the v, partition of the gust mode in the
aerodynamic set, n, is the size of the v set, and 7, is the number of
the normal modes.
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Rewrite Eq. (2) as follows:
(1M + [Buals + [Knn + L Qun ()]) {£ (5)}

~(IMacds> +q1Qac())(8:(5)) = (@/ V) Qi () Hwe (5))
= [pun]" ([Myu1s® + [Buyls + [K 1) {1, (5)}
— [ b ] [AIC,,1, ) Y110, )} = [Don)T M, 1[0 15> (5 5))
~ 9] [AIC, 1, )] [ryc ]18:(5))

r

—(@/V)[¢ran] [AIC,,1, ()] [buc |{we ()} 3)
where the structural {u,} and the aerodynamic {u,, } displacements
for the degrees of freedom involved in the structural and aerody-
namic variations are presented as

{u(9)} = [PunlE ()} )
{10, )} = [duan ]1E©)N )

The first two terms on the right-hand side of Eq. (3) represent the
nominal forces due to control-surface commanded deflections and
gust. All of the next terms are induced by the variations: the third
and the fifth terms represent the modal inertial, damping, and elastic
forces and the inertial forces due to the mass coupling between the
aircraft and the control surfaces inserted by the structural variation.
The fourth, sixth, and the seventh terms represent the additional
aerodynamic forces induced by the aerodynamic variation and as-
sociated with elastic deformations, control-surface commanded de-
flections, and gust.

Equations (3-5) are equivalent to Eq. (2), but the model of Egs. (3—
5) is cast in the form of a system with feedback representing the
dynamics induced by the structural and aerodynamic variations.

Output displacements can be cast by the mode-displacement ap-
proach as

{yae ()} = [¢yn [{E(5)} (6)

where [¢,,] is the matrix of the normal modes for the output degrees
of freedom.

III. Model of Perturbed Open-Loop
Aeroelastic System

The model of the perturbed aeroelastic system represented by
Egs. (3-5) can be expressed as a system of linear first-order equa-
tions in the Laplace domain to facilitate the frequency-domain solu-
tion and incorporation of the control system state-space equations.

Define the matrices of the structural and aerodynamic variations
and the corresponding vectors that multiply them from the right-
hand side as

[Kwn] O 0
Asl = 0 [Bu.] 0 s
0 0 [My]

Au(s) = [AIC,,, ()]

Uy
{yst} = Suty
$%uy + [Pl $78c

{ya}={um [$r.c]8: + — [¢v‘,] } @)

The term [¢,.]s%5. appears in the third component of the vector
{ys} when the structural model of control surfaces contains the de-
grees of freedom involved in the mass variation. Similarly, the term
[¢y,c16. appears in the vector {y,} when the degrees of freedom
of the control surfaces are included into the aerodynamic variation,
whereas the third term of the vector {y, } is required for gust response
analysis of the perturbed system.

Express the model of Egs. (3-5) as a system of linear first-order
equations similar to the state-space form

54X} = [Aue () e} + [ BiS () [{1tae} + [ Bin () [{we}

+ [B J(ua) + [ BL fuua) ®)
{ae} = [Cae()Hxae} + [ D (9) J{tae} + [ Do) ] {wi)

+ [ Dit J{usd + [ D2 Jfua} ©)
o} = [Cal)]{xae} + [ D (5) [{1tae} + [ DL (9) [{we)

+[ D5 Jtua} + [ D4 ]fua} (10)

{Va) = [Cal{ee} + [ DX J{uae} + [DY Hwe}

+[ D5} + [DS{ua) (11)
{ug} = Aufya} (12)
{Ua} = Do(){ya} (13)

where {y,.} is the vector of output variables consisting of the mea-
sured structural displacements, velocities, and accelerations,

S
{Xae} = { i__} , {t2e} = { $6c
S 528,

0 [1]
[Aw(s)] = 1 1
— My 17 (K +qOnin($)]  —[Mp 17 [Ban]

(520)] [ 0 0 0 }
)] =
*© —q[Mup 17 QD] 0 —[Myy]~ [Mye]

0
[Bae(s)] = [_%[Mhh]l[QhG (S)]:|
[¢y1h] 0
[Caels)] = 0 [001]

[0 ][42"] [@n][422]
0
ae [Bil} Uh] B”e] = [éa} [¢r“h]T
0
0

0
[Dx(s)] = ,

[DLs)]= 0
[600][ Bic®] (6. ][ B2 ]

0
0
[0, ][Bx]
0
0
[#3][B:]

1, 0

[Ca@)]=[Puwl| O I
AQY AP

[@,]"

[Dy] =

[Di] = (6]
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0 0 0
[Dx)] = 0 0 0
¢vhB:ee(21) ¢uhB::(22) ¢vh B::(Z}) + ¢v('
0 0
[D¥]=10ul| 0 |, [Di]=1[®ul| O |[®u]"
By B
0
[D;] = [Dy] 0 [q)ruh]T
By,

[Cal = [don]Uln 0L [D¥]=[¢uc]lle O 0]
[pi]=[¢uc].  [PI]=0.

[®,4] = diag(pun, Puns dun)s BE = =My 17 [ I 1]

[Di]=0

BY = —q[M),]™"
and where [¢y,4], [¢y,1], and [@y,,] are the normal modes for de-
grees of freedom prescribed for displacements, velocities, and ac-
celerations measurements; [Ag’e’)] are the blocks of the matrix [A,.];
[B*@1] is the second block-row of the matrix [B}*]; and 1, is the
ny, X ny, unity matrix.
Rewrite Egs. (8—11) in the form

5{0ae} = [Aue () Hxae} + [ B (5) [{ttac}

+[Bu) Jtwe} + [ BL J{us) (14)
{Vae} = [Cae () oxac} + [ D2 () ] {ttae}

+ DL |{we} + D2 J(us) (15)
{5} = [Cs ()] {xae} + [ D5(8) | {ttae}

+[ Dy () ]{we) + [D}]{us) (16)

{usy = A){ys) an

where
{1y} = {”} . = {y}
U, Ya

A =diag(Aw. A, [BL] =B B

s a CS[ ae D:e
Dy =[Di D], CAs)z[CJ, D; <s)=[D3;}

Dy . [py Dg
o (S):[D;“] K

The transfer matrix of the system governed by Eqgs. (14-16) with
the loop of the A opened can be written as

Aw(s) | By BR(s) BE(Gs)
P(s)=| Cs(s) | D! DY(s) D¥(s) (18)
Cac(s) | Dy Di(s)  Dic(s)

where

|:A(s) B(s)

:| = [COIsUI] = [AG)II'[B(s)] + [D(s)]
C(s) | D(s)

Fig. 1 LFT model of perturbed aero-

elastic system. w
— G
R O
ae
L A
11 N12
Fig. 2 Aeroelastic system with nor- N N
malized variation. 21 22
B
yae P(S) <—C
u

The model of the perturbed aeroelastic system is obtained by
closing of the A loop as shown in Fig. 1. The transfer matrix of this
system is expressed as

Pi(s) = Fu(P, A) (19)
where F, (-, -) is the notation of an upper LFT.

IV. Models with Normalized Variations

Most problems require models incorporating nondimensional
normalized variations or uncertainties. The expression relating ab-
solute A and normalized A variations may be cast as

A=A+ W,W,AW, (20)

where A is the fixed part of the absolute variation that is added to
the baseline matrices and is not a subject of consequent perturbation
analysis, W, is the scaling matrix defining the maximal perturba-
tion, and A is the n, x m, norm-bounded matrix of the normalized
variation.

Dimensions of the absolute and normalized variations may be
different. For example, if the matrix A is a 2 x 2 stiffness (mass or
damping) matrix of a scalar structural element, then the normalized
variation can be presented as a scalar, whereas W, and W, become
2 x 1 and 1 x 2 matrices. As defined earlier, the matrices of the
aerodynamic variations are rectangular and Eq. (20) enables one to
express the normalized aerodynamic variation as a n,,, X n,, square
matrix. In these cases, the dimension of the square matrix A is equal
to the rank of the matrix A.

Equation (20) can be written in a more general form as an LFT:

A=F,N,A) ey

where N is the (nz +ma) x (mz +na) LFT matrix and nz and m 3
are the numbers of rows and columns of the matrix A.

Equation (21) enables one to construct models of perturbed ASE
systems incorporating variations of so-called structural design vari-
ables of the system, such as geometrical and inertial parameters of
structural elements, material properties, etc. The LFT presentation
of the matrix A enables modeling of nonlinear dependence of the
matrix A on variations of design variables, for example, positions of
centers of gravity of lumped mass elements. The normalized varia-
tion of Eq. (20) is obtained from the LFT presentation of Eq. (21)
when N]] =0, N]z = Wr, N21 = WSW1, and N22 = A().

Augmentation of Eq. (21) into the model of Eqgs. (14-16) is ex-
pressed graphically in Fig. 2. Performing elementary LFT operations
obtains the the transfer matrix of the augmented aeroelastic system
as

NioLi Py

P(s) = Nii + NioLy Py Noy 22)
Py + Py LyN» Py

Py LyN,
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where P ; are the partitions of the transfer matrix P, Li=(-
Ni1Pyp),and Ly = (I — Ny Pyy).

V. Closed-Loop ASE System with Structural and
Aerodynamic Variations

The model of the closed-loop ASE system contains the equa-
tions of motion of the open-loop aeroelastic system accomplished
with the state-space model of the actuators and with the state-space
representation of the linear time-invariant controller.®

Augmentation of the open-loop aeroelastic model (14—16) with
the model of the actuators leads to equations of the perturbed ASE
plant:

s{ep) =14, )+ [BE |, + [ BY () ][{we) + [ BS Jlus) (23)
) =1C,()Uxp}+ [ D5 |t} + [DU () [{we Y + [ D) |{us) (24)

o} =[Cr® ], +[DF ) + [Py () ]{we} + [ D] ]{us} (25)

where {u,} is the vector of n. actuator inputs and {y,} = { .} is the
vector of sensor signals. The vector of the plant states {x,} includes
the vectors {x,.} and {u,.} and the vector of actuator states {x,.}, and
so the model matrices are expressed as

Aae Bﬂe 0 w B:::
[AP<S>]=[O A} [B£]=[B,J’ [Bp<s>]=[0]
(€, =[C D], [Dp]=[Dx].

8 Bz(fe 8 5
[B:]=] 0| [P]=[P]

[Df]=0

(o]0

[cr@®]=[Cs D¥].

where the matrices [ A,.] and [ B,.] incorporate the actuator dynamics
modeled by

S{Xac} = [Aac]{xac} + [Bac]{up} (26)

Third-order actuator dynamics is assumed. Higher-order actuator
dynamics and the sensor dynamics can be included as parts of the
control system. (See Ref. 8 for details.)

The model of the perturbed closed-loop ASE system is obtained
by augmenting the plant model of Eqs. (23-25) with the model of the
linear controller defined by its state-space matrices [A.], [B.], [C.],
and [D.]. The uncoupled plant and control equations are expressed
as

stavy=[Av v} + [BY Jluy} + [BY () [{we} + [ B) [{us}

@7)

v =I[Cv () Hxv}+ [ Dy Jluv} + [ Dy () {we) + [ D} [{us}
(28)

s} =[Cy O]y} + [ D) Jluv} + [ DY () [{we} + [ D | {us}
(29)

where

{xv}={x”}, {uv}z{”"}, {)’V}Z{yp}
X U, Ye

and where {x.}, {u.}, and {y.} are the vectors of controller states,
inputs, and outputs,

A, 0 By 0
[Av(s)lz[o’ A_]7 [B¥]=[0’ B}

wl-[i]. [

C 0 DY 0
[Cv(s)]=[0” C_]7 [D¥]=[0’ D.]

[Dy(0)] = [‘ﬂ L[] = [lﬂ

[cio]=[ci o] [pi]=[p] 0]

The ASE loop is closed by the output feedback {uy} =[G yv]1{yv}
leading to the resulting closed-loop ASE equations of motion for
the perturbed system:

stov) = [Awellrv} + [ Bt Jlwe} + [BiJlus) — (30)

s} = [C<]txv} + [Py J{we) + [ D5 [{us} 31

where

D¢ DY

[D]=7(] 0 °|.6w
’ Ds DV
\4 \4

Augmentation of the obtained model of Egs. (30) and (31) with
Eq. (21) leads to the model of the perturbed closed-loop ASE system
with normalized uncertainty.

V1. Variation Models in Generalized Coordinates

The presented modeling technique enables constructing LFT
models of the perturbed ASE systems so that the structural and
aerodynamic variations are incorporated into the model in discrete
form without transformations to the modal coordinates. This is im-
portant for the modeling of the local structural and/or aerodynamic
variations when the number of discrete degrees of freedom involved
in the variation is less than the number of modes applied in the analy-
sis. In this case, the variation modeling in discrete coordinates leads
to minimal dimension of the uncertainty matrices.

Application of the variation models defined in the generalized
coordinates may be preferable when the number of discrete de-
grees of freedom involved in the variation (n, or n,,) is greater
than the number of modes. In this case, the modal presentation de-
creases the size of the variation matrices with respect to the discrete-
coordinates models. The model of the perturbed aeroelastic system
with the modal variation matrices can be obtained from the model
of Egs. (8-11) by moving the terms [®,,]7 and [¢,,]7 from all of
the matrices with the superscripts st and a to the matrices of the
absolute variations Ay and A,. This leads to the matrices Ay and
A, of dimensions 3n;, x 3n, and n; X n,,, respectively. Then the
resulting normalized variation A of Eq. (20) or (21) becomes of
dimension (3n;, + ny) x Bny, + ny).

VII. State-Space Model of Perturbed ASE System

The models in the Laplace domain developed in the preceding
sections enables one to perform analysis of the ASE systems in
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the frequency domain by replacing s by iw. Some tasks such as
a modern robust control design require state-space models of the
perturbed open-loop ASE systems to be constructed. These kinds
of models are based on the rational approximation of the unsteady
generalized aerodynamic force matrices, in the Laplace domain, of
the form (see Refs. 8 and 9)

[04(5)] = [Anol + b/ V)[Auls + (B*/VH[Apls®

+ D1 s = (V/D)RD'[Els (32

where the [A,;] and [E] approximation matrices are column parti-
tioned according to the structural, control, and gust modes as

[An]=[Am A A] (=012

[E]=[Ex E. Eg]

The real coefficient matrices in Eq. (32) are determined in a non-
linear least-square solution that approximates a set of generalized
force coefficients matrices [Q),(ik)] (Refs. 9 and 10).

The state-space model of the perturbed aeroelastic system is ob-
tained from the Laplace-domain model of Eqgs. (8-11) perform-
ing the rational approximation of the aerodynamic matrices [Q ],
[Ohc], and [Qc]. Observe that the matrices of the Laplace-domain
model corresponding to the feedback (variation) inputs {uy} and
{u,}, that is, matrices B and D with the superscripts st and a,
are not the functions of the Laplace variable s and they are not
involved in the approximation process. Therefore, the state-space
modeling procedure developed in Refs. 9 and 10 can be directly
applied for converting the Laplace-domain model of Egs. (8-11)
to the state-space representation. To accomplish the modeling pro-
cess, the frequency-dependent aerodynamic variation A, (s) should
be presented in the state-space using rational approximation of the
matrix [AIC,,,, (s)]:

[AIC,,.,] = [Anuo] + O/V)[Anui]s + G /VH[ A 2]s?

+[Dr, | (U1s = (V/D)RAD [ En, s 33)
where [A,,,,.i], [Dr, ], [Ey, ], and [R ] are the aerodynamic approx-
imation matrices.

This approximation results in the state-space representation of
the product [AIC,,,, [{uy, }:
{%aa} = [Aaal{Xaa} + [Baal{ya} + [Baal[ Puc | {ttac)
+ [Baal[ v, | {106} (34

[AIC,,., [{tts,} = [Canl(xar} + [Dunl{ya}

+ [Dasl[@u,e |{ttae} + [Danl[®u,6 | (106} (35)
where
Uy, 8e We
Dad =, ¢ e} =387,  {ig}={ e
iy, 5, We

[Aaal=(V/D)[Ral.  [Bual=[0 E, Ol  [Cial=q[D,,]
[Dasl = [4Arne0 (@b/V)Arp1 (@0 )V A, o]
[q>va('] = diag((pva(, ¢Ua('! (pvac)

[®1,6] =diag(du,c- brc- buc)

Express Eq. (3) in time domain using the aerodynamic approxi-
mation of Eq. (32) for the nominal system and the approximation

of Eqgs. (34) and (35) for the aerodynamic variation A, (s):
(M€} + (K B gDipl{xae) = —[Kie B Myd{utae)

- [KhG éhG MhG]{lDG} - [¢uh]T [va va Mvv]{yst}
—[$ra1] [Carlxus) = [#rs] [Dusd ()

—[9r] Dasl[ @0, Jttae) = [Br] [Danl[ @06 ] (6} (36)

where
& iy
{Xae} = ";: , {yst} = u,
Xa iil} + ¢U('8.L'

[(My] = M1 + (gb*/V D[ A, ] (K] = (Kl + q[ Anno |

[éhh] = [th] + (qh/v)[Ath]
[klll'] = q[Ah('g]v [Bh('] = (qb/v)[AhLl]
[(My] = [My] + (qb*/ V) Ase, ]
(K] = (‘I/V)[AhG(.]» [Bic] = (gb/V?) [AhG,]
(M = (qbz/v3)[AhG2]
To eliminate the second time derivative w, of the gust velocity, ap-
proximation constraints for the nominal system should be applied
to yield [A;,] =0, and, therefore, [M),;] = 0. (See Ref. 10 for de-
tails.) Similar approximation constraints [A,,,, 21{¢,c} = 0 should
be applied for the aerodynamic variation.

Equations (34-36) lead to the state-space model of aeroelastic
system with the state-space representation of aerodynamic variation:

(e} = [Auel{Xae) + [ B [{ttae} + [ B ]}
+ Byt Juad + [BL ] fua) (37)
{Vae} = [Cacl{xac} + [ D [{1tac} + [ D2 ]{we)
+ [ D3t J{us} + [ D2 ] fua} (38)

o} = [Cal{xae} + [ DY Ntae} + [ DY J{we}

+[ D5 ]tua) + [ DS ]fua} 39)
{Va) = [Cal{xee) + [ D2 J{uae) + [DY [{we )
+[ D5} + [ D J{ua) (40)
{ug} = Asn{yst} 41)
{xaA} = [AaA]{an} + [BaA]{ya}
+ [Baal[ o, [{ttac} + [Bual[ @6 {06} (42)
{Ma} = [CaA]{xaA} + [DaA]{ya}
+ [Dua][ Puye [{1tae} + [Dunl[ P {06} 43)
where
0 [1] 0
[Awl = | ~(Mu] (K] —(Mu] ' [Bun]  —q[Mis] " [D4]
0 [Ex] (V/b)IR]
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0 0 0 To obtain the state-space model with the aecrodynamic variation
[Bae] _ —[M,h]_l[K, ] _[Mhh]_l[él ] _[Mhh]_l[Mh ] in generalized coordinates rewrite Eq. (3) as
0 (E.] 0 (IMyu1s® + [Bunls + [Knl + q[Qun (9)]){E(9))
0 0 0 = —(IM315” +4[Q1c () {8:()} = @/ V)i () )we (5))
[Bi] = | -1 Ki6] ~(M] ' [Bi) —[Mi] (M) R
0 (1/V)[Eq] 0 —[gun]" (IMou]s® + [Buols + [Kuo]) o (5))
[¢v|h] 0 0 —[pun]" [My][uc]s™{8c ()}
[Cael = 0 [gb),z,,] 0 —q[AQN®IES)  8.(s)  (1/V)wg(s)] (44)
[pr0][42"] [#0][A27] [n][AZ] where
0 0 [AQK(H] =[AQu(s) AQu(s) AQug(s)]
: T
[D::] = 0 ) [D:c] = 0 = [¢7'ah] [AICl'uua (S)] [¢Ugh ¢L’al' ¢vaG]
[¢)'3h] B;iee(z)] [¢y3h] [B:é(z)] The matrix [A Q) (s)] is approximated exactly as the baseline aero-
dynamic matrix [Q,(s)]. The state-space model incorporating the
0 0 variation [A Q),(s)] is obtained from Egs. (37—43) by removing the
[B;;] = | B | [@u]", [B;‘e] =| B2 [¢,,ﬂ h]T terms [¢,,,]” and [®,,,] from the matrices with the sub- and su-
0 0 perscripts a of Eqs. (37—41) and by removing the terms [®,,.] and
[®,,c] from Egs. (42) and (43). The removed terms are inserted
0 into the the matrix [Q),(s)] so they are taken into account in the
aerodynamic approximation matrices.
(D] = 0 [®u]”
[% h] [ ant] VIII. Numerical Example
3 ae
A. Test-Case ASE System
0 The preceding technique for aeroservoelastic modeling with
[ Da] _ 0 [ p ]T structural and aerodynamic variations is demonstrated using the
a - rah aeroelastic model of a UAV. The MacNeal Schwendler Corp.
[¢y3h] [Bae] (MSC)/NASTRAN aircraft structural model of the UAV right-hand
side is shown in Fig. 3. The weight of the model is 152 kg. The
I 0 0 half-span of the wing is 4.0 m, and the uniform chord length is
[Cy]l = [Pyi] 0 I 0 0.55 m. The model contains 459 grid points and 580 structural ele-
AQD  AQ) 4@ ments leading to 2315 free degrees of freedom. The UAV unsteady

aerodynamic model is shown in Fig. 4 with the locations of four

0 0 0
[Dx] = 0 0 0
¢vhB§ce(21) ¢uh B:g(ZZ) ¢UIIB§§(23) + ¢v('
0 0
[Di]=10ul| O |. [Di]=[0ul| O |[®uwl
B By
B 0
[Dsal] = [(Dvh] 0 [¢rah]T
__q[Mhh]71
z
M1, 0 0 Q
[Cd=[®un]| O L O X
_Afél) Aﬁz) A;(,?) Fig. 3 UAV structural model.
0 0
[Di]=[®u]| O |. [Di]=[®ui]| O
B;T:(z) B:é(z)
0 0
[p]=[ou]| 0 [10ar.  [pA)=[ow]| O [[s]
By B,

[cbu,,h] = diag(d)vahv ¢v“h’ d)v(,h)

g;; — —[Mhh]_l[lh I, I, B:e = —q[Mhh]_l Fig. 4 UAYV aerodynamic model.
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Fig. 5 Open-loop flutter analysis.

accelerometers for subsequent ASE analysis. The model consists of
five aerodynamic panels representing the parts of the wing (three
panels), aileron, and elevator—rudder. All of the panels are splined to
the structural grid points. More details concerning the UAV models
as well as the results of stability, dynamic response, and sensitivity
analyses may be found in Ref. 11.

Normal modes analysis was performed with symmetric boundary
conditions to extract the 14 lowest-frequency modes, including two
rigid-body modes (heave and pitch), up to 58 Hz.

Open-loop flutter analysis at Mach 0.0 was performed with
frequency-domain g-method using ZAERO software with MSC/
NASTRAN aerodynamics. There were generalized aerodynamic
force matrices at reduced frequency values between k& =0.0001
and k =3.6 calculated by MSC/NASTRAN exported to ZAERO.
Computation were performed at 32 velocity points spaced between
1.0 and 120.0 m/s. Structural damping of g =0.01 was defined
for all frequencies. The flutter analysis results, in terms of the
variation with velocity of the frequency f and damping g values
associated with the structural modes (V—g plots), are shown in
Fig. 5. The V—g plots indicate four flutter mechanisms'': 1) control-
surface flutter between the aileron mode and the third wing bend-
ing mode, Vy =40.57 m/s and fr =37.7 Hz; 2) bending—torsion
flutter between the torsion and the second wing bending modes,
Vr =66.45 m/s and fr =17.7 Hz; 3) very mild flutter between the
torsion and fore-and-aft modes, Vy =75.26 m/s and fr =10.4 Hz;
and 4) classical explosive bending—torsion flutter with the first bend-
ing mode and the torsion mode, Vy = 84.27 m/s and fr =13.4 Hz.
The most critical is the aileron-bending flutter with the lowest flutter
velocity of 40.57 m/s.

The feedback control system was designed to suppress the in-
stabilities of the open-loop aeroelastic system. The control system
contains four acceleration sensors, robust & controller, and the actu-
ator of the wing control surface. (The aerodynamic panel represent-
ing the control surface is shaded in Fig. 4.) The third-order transfer
function of the actuator was defined as

8e(s) 6,751,689.0
Uae(s) 57 +259.975% + 66,157.395 + 6,751,689.0

(45)

The w controller was presented by the state-space model with 4
inputs, 1 output, and 35 states. It was designed to address the ve-
locity variations and the uncertainties relating to unmodeled dy-
namics of the aeroelastic system. (For details, see Ref. 12.) The
frequency-domain model of the closed-loop ASE system was ob-
tained by augmentation of the frequency-domain model of the ASE

plant with the state-space model of the controller. Stability analysis
of the closed-loop ASE system performed using the g-method of
ZAERO”' 13 indicates three ASE instabilities: 1) the control surface
oscillations caused by the ASE interaction between the controller
and the aileron (where the oscillations occur at velocities less than
Ve =32.15 m/s with the frequency fr =54.5 Hz); 2) flutter be-
tween the first bending mode and the control system dynamics,
Ve =100.34 m/s and fr =3.1 Hz; and 3) flutter between the third
bending mode and the control system dynamics, Vy = 107.80 m/s
and fr = 28.2 Hz. Instabilities of the first and third mechanisms are
shown in the V —g plots presented in Fig. 6. The second mechanism
is outside the scale of the V—g plot because its damping changes
from —0.165 to 2.245, whereas the velocity increases from 100.0
to 105.0 m/s.

B. Robust Stability Analysis

Suppressing the aeroelastic instabilities of the open-loop system
the control system introduces new instabilities into the ASE system.
The results of the open- and closed-loop stability analyses demon-
strate that the open-loop aeroelastic system is stable in the velocity
range from 0.0 to 40.57 m/s, whereas the closed-loop ASE system
is stable in the range from 32.15 to 100.34 m/s. Therefore, a sched-
uled application, where the control system is turned on and off in
the velocity range of 32.15-40.57 m/s, should be used in this case.
The goal of the robust stability analysis is to evaluate the influence
of uncertainties in the structural and aerodynamic parameters of the
aileron on the range of overlap stability of the open- and closed-loop
systems. The parameters of the control surface should be considered
in the robust stability analysis because the velocity of the open-loop
aileron flutter is critical for the range of stability and the aileron pa-
rameters are important for stability of the closed-loop system. The
robust stability analysis is performed with respect to uncertainties
in the aileron inertial properties and the AICs relating the aileron
displacements to the aircraft aerodynamic forces.

C. Aileron Mass Uncertainty

The aileron structural model is shown in Fig. 7. Its inertial prop-
erties are defined by the lumped mass elements associated with the
aileron structural grid points. The effects of the mass variations are
considered in x (chordwise) and z (vertical) directions. Define the
vector of the aileron masses in the directions of interest as

T
mau:[mT my, my, mp, mL,] (46)
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Fig. 6 Close-loop flutter analysis.

Fig. 7 Aileron structural model.

where mr, my;, , my,, m;,, and m;, are the 1 x 2ng row vectors of
the x and z masses in the grid points of the trailing-edge span, upper
and lower middle spans, and upper and lower leading-edge spans;
and n, =9 is the number of grids in a span.

The mass matrix under consideration is [M,,] = diag(m,;), and
the matrix of structural variations is expressed as

As! = WMy, 1A, (47)
where Wy, is the n, x n, scaling matrix, n, =5 -2ng =90 is the
number of degrees of freedom involved in the variation (where 5
is the number of the aileron spans), and the normalized uncertainty
matrix A, is expressed as

Am = diag(arnl]anr’ 8m212ngr» Sm3l2ng,v 6»14]2ngr1 8m5]2ngr) (48)

where 8,,; are the real scalar values satisfying [8,,;| < 1 and I, is
the 2ng X 2n,, unity matrix.

The uncertainties §,,; correspond to the masses located in the five
aileron spans: §,,1, trailing-edge span; 8,,, and §,,3, upper and lower
middle spans; and §,,4 and §,,5, upper and lower leading-edge spans.
Therefore, the model addresses the uncertainty in the chordwise
mass distribution of the aileron. The scaling matrix Wy, defines the
maximal relative uncertainty of 10% of the nominal mass values:
Wim =0.115,,.

The modern multi-input/multi-output approach for robust stabil-
ity analysis is based on the small gain theorem,'* which addresses

14 . K . : ,
V=38 mis =132 =379 He
12t 1
V=372mis, =101 f =380 Hz
l F-"-"-"""--"-"—-"—"="=-"-=-"-"=-"=-"=-"=-"=-"=-"=-"=-"=-""°9/-"“""“""”""”="=”""”""="="="=-"=-= 3
Q08P M 0O BRI )
s
T
20.65: TP TPy AP TPPPOS ]
v=3smis =061 f =382 Hz
t
04f ] 1
0.2f
0
0 10 20 30 40 50 60

Frequency [Hz]

Fig. 8 Structured singular values of open-loop ASE system for mass
uncertainty.

the stability of the P—A feedback system. For the ASE systems,
a transfer matrix P (iw) is defined by Eq. (22) and A(iw) is the
normalized uncertainty feedback matrix of Eq. (20). To determine
the robust stability of the system, the maximum value of the struc-
tured singular value ua[P (iw)] over the entire frequency range
w € [0, oo] must be computed. If this value is less than unity, the
system is stable for all A € A and ||A]l« <1, where A is the set
of possible structured uncertainties (defined by the block-diagonal
structure of the matrix A, in the case under consideration). The
small gain theorem establishes stability of systems with uncertain-
ties, whereas the nominal system P (iw) is stable. As mentioned
earlier, the test-case ASE system contains two rigid-body modes,
and so it is not stable. To satisfy the conditions of the small gain
theorem, the zero frequencies of the rigid-body modes are replaced
by frequencies of 0.1 Hz with corresponding changes of the modal
matrices. As a result, the frequency response alters in the vicinity of
zero frequency only, which is not important for analysis of dynamic
stability of the system.

The results of the open-loop robust stability analysis performed
for several aircraft velocities are presented in Fig. 8. (The p values
were calculated by using the MATLAB® 11-Analysis and Synthesis
Toolbox.'®) The i value reaches unity at the robust flutter velocity of
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uncertainty and airspeed corresponding to first flutter mechanism.
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Fig. 10 Structured singular values of closed-loop ASE system for mass
uncertainty and airspeed corresponding to second and third flutter
mechanisms.

37.2 m/s with the frequency of 38.0 Hz, which is 8.4% lower than
the nominal flutter velocity. The results of the closed-loop robust
stability analysis shown in Figs. 9 and 10 demonstrate that the robust
flutter velocities of the first and the third flutter mechanisms draw
nearer to each other in comparison with the flutter velocities of the
nominal system. Hence, the aileron mass uncertainty narrows the
range of stability of the closed-loop ASE system. The low-frequency
wu peak corresponding to the second flutter mechanism (Fig. 10) is
considerably less than unity, and so this mechanism does not have
an effect on robust stability of the system. It can be observed that the
wu-value curve of the open-loop system (Fig. 8) has practically no
peaks, except the one corresponding to the flutter frequency. This
peak is suppressed by the control system and is not observed in
the 1 plots of the closed-loop ASE system. On the other hand, the
W curve obtained for the first flutter mechanism of the closed-loop
system (Fig. 9) demonstrates two peaks (in the vicinity of 18 and
35 Hz) corresponding to the first wing torsion and to the third wing
bending structural modes, both of which contain the aileron rotation.

D. Aileron Aerodynamic Uncertainty

The UAV aerodynamic model shown in Fig. 4 consists of 156
aerodynamic boxes and has n; = 312 aerodynamic degrees of free-
dom, which are the heave and pitch motions defined for every box.
The panel representing the aileron contains 18 aerodynamic boxes

(3 chordwise boxes x 6 spanwise boxes) and has n,, =36 aerody-
namic degrees of freedom. Consider uncertainties in those elements
of the n; x n; AIC matrix that relate the deflections in the aileron
degrees of freedom to the aerodynamic forces of the entire aero-
dynamic model. In this case, the matrix [AIC;,, ] of the perturbed
AICs has ny rows and n,,, columns. Consider three spanwise strips
of the aileron aerodynamic model and, following the approach of
Borglund,* suppose that the AICs corresponding to deflections of
the aerodynamic boxes of each strip deviate in a uniform manner.
The matrix of aerodynamic variation is expressed as

Aa = Wsa [AICkv” ] Aa (49)

where W, =diag(0.112,,, 0.112,,, 0.112,,) is the n,, X n,, scal-
ing matrix defining the maximal relative uncertainties of 10%
for all span strips, A, = diag(8y, Lug,> 8p; Lng> 81, Lngy s Spy Ingys S131ny»
8psIng)s 18115 18,:| < 1 are the complex scalars corresponding to un-
certainties in the heave and pitch motions of the three spanwise
strips of the aileron model, and ny, = 6 is the number of spanwise
boxes.

As shown in Fig. 11, the open-loop robust flutter velocity is
34.7 m/s with the frequency of 37.9 Hz, which is 14.5% lower
than the nominal flutter velocity. The closed-loop robust flutter ve-
locity for the first flutter mechanism is 35.4 m/s, with the frequency
of 54.5 Hz (Fig. 12). The aerodynamic uncertainty does not have

1.4

T T T
V=36.0 m/s, upeak:1.29, fpeak:37'9 Hz

V=35.0m/s, p

V=347 m/s, n

V=33.0m/s, u_,=0.73, f =38.0Hz

peak peak
0.6[ 1

u—value

0 10 20 30 40 50 60
Frequency [Hz]

Fig. 11 Structured singular values of open-loop ASE system for aero-
dynamic uncertainty.
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Fig. 12 Structured singular values of closed-loop ASE system for
aerodynamic uncertainty and airspeed corresponding to first flutter
mechanism.
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Table 1 Stability ranges of ASE systems

Stability range, m/s

System Open loop Closed loop  Overlap

Nominal 0.040.6  32.2-100.3  32.2-40.6

Mass uncertainty ~ 0.0-37.2 36.6-96.8 36.5-37.2

Aero uncertainty ~ 0.0-34.7 35.4-81.0 —
1.6 T T T T T

V=90 m/s upeak:1'53’ fpeak:27’6 Hz

1.4f .
12k V=85 m/s upeakzl'”’ fpeak:28’0 Hz i

u—value

0 10 20 30 40 50 60
Frequency [Hz]

Fig. 13 Structured singular values of closed-loop ASE system for aero-
dynamic uncertainty and airspeed corresponding to second and third
flutter mechanisms.

an effect on the flutter velocity for the second flutter mechanism
(Fig. 13). On the other hand, the robust flutter velocity for the third
flutter mechanism becomes 81.0 m/s with the frequency of 28.4 Hz,
which is 19.2% lower than the nominal flutter velocity for this mech-
anism. The third flutter mechanism and the first wing torsion mode
become apparent in the p-value curves of Figs. 11 and 12 due to the
peaks in the vicinities of 30 and 20 Hz.

Stability ranges for the nominal and uncertain ASE systems pre-
sented in Table 1 demonstrate that the mass uncertainty reduces the
range of overlap stability of the open- and closed-loop systems to
0.7 m/s, whereas the aerodynamic uncertainty leads to the vanishing
of this overlap range.

IX. Conclusions

The methodology for modeling of uncertain or perturbed ASE
systems is developed in this study. It provides efficient tools for
constructing LFT models of ASE systems with uncertain or vari-
able structural and aerodynamic parameters. The general approach
for modeling of structural and aerodynamic variations in frequency
and time domains, as well as in discrete and modal coordinates, is
presented. The use of structured uncertainties to represent pertur-

bations and variations in the ASE model minimizes the uncertainty
over-bounding. The models constructed using the developed tech-
nique allows one to perform open- and closed-loop robust stability
and performance analyses, robust control synthesis, and multidis-
ciplinary optimization of the uncertain or perturbed ASE systems.
Application of this technique was demonstrated building models
and performing robust stability analysis for a UAV with inertial and
aerodynamic uncertainties in its control surface.
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